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RIEMANN HYPOTHESIS: A SPECIAL CASE OF THE RIESZ
AND HARDY-LITTLEWOOD WAVE AND A NUMERICAL
TREATMENT OF THE BAEZ-DUARTE COEFFICIENTS UP TO
SOME BILLIONS IN THE K-VARIABLE
STEFANO BELTRAMINELLI AND DANILO MERLINI
Abstrat. We onsider the Riesz and Hardy-Littlewood wave i.e. a ritial
funtion whose behaviour is onerned with the possible truth of the Riemann
Hypothesis (RH). The funtion is studied numerially for the ase α = 15
2
and
β = 4 in some range of the ritial strip, using Maple 10.
In the experiments, N = 2000 is the maximum argument used in the Möbius
funtion appearing in ck i.e. the oeients of Baez-Duarte, in the repre-
sentation of the inverse of the Zeta funtion by means of the Pohammer's
polynomials.
The numerial results give some evidene that the ritial funtion is bounded
for R(s) > 1
2
and suh an evidene is stronger in the region R(s) > 3
4
where
the wave seems to deay slowly. This give further support in favour of the
absene of zeros of the Riemann Zeta funtion in some regions of the ritial
strip (R(s) > 3
4
) and a (weaker) support in the diretion to believe that the
RH may be true (R(s) > 1
2
).
1. Introdution
The starting point of this note is the representation of the reiproal of the
Riemann Zeta funtion by means of the Pohammer's polynomials Pk(z) (where z
is a omplex variable), whose oeients ck have been introdued by Baez-Duarte
for the Riesz ase (α = β = 2). For the study of the oeients ck, some reent
analytial as well as numerial results have been obtained [2, 3, 4, 5, 6, 7, 8, 9℄. For
a rigorous treatment of the Müntz formula to the nding of new zero free regions
of the Riemann Zeta funtion, the reader may onsult the work of Albeverio and
Cebulla [1℄.
Using the Baez-Duarte approah, the representation of
1
ζ(s) may be obtained for
a family of a two parameter Pohammer's polynomials (parameters α and β [4℄)
and reads:
(1.1)
1
ζ(s)
=
∞∑
k=0
ck(α, β)Pk(s, α, β),
where
Pk(s, α, β) :=
k∏
r=1
(
1−
s−α
β
+1
r
)
(1.2)
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(1.3)
ck(α, β) :=
∞∑
n=1
µ(n)
nα
(
1− 1
nβ
)k
.
The expression for ck we will use in our omputation is given by:
(1.4) ck(α, β) =
N∑
n=1
µ(n)
nα
e
−
k
nβ ,
whih for large k is a orret formula for the ck given above (see Appendix). From a
theorem of Baez-Duarte [2, 3℄, an important inequality onerning the Pohammer's
polynomials is given by:
(1.5) |Pk(z)| ≤ Ak
−R(z).
The inequality, when applied to our family of Pohammer's polynomials gives:
(1.6)
∣∣∣∣Pk(s− αβ + 1)
∣∣∣∣ ≤ Ak−(R(s)−αβ +1).
From this it follows [2, 3, 4℄ that the RH will be true, i.e. that
1
ζ(s) in the
representation above will be dierent from innity (no zero of ζ(s) for R(s) > ρ)
if ckk
α−ρ
β ≤ C. For the numerial study it is onvenient to introdue the variable
x = log(k), in term of whih we dene the ritial funtion orresponding to α and
β. This is given by:
(1.7) ψ(x;α, β, ρ) := e
α−ρ
β
x
2000∑
n=1
µ(n)
nα
e
−
ex
nβ .
2000 is the maximum argument N used in these experiments, whih for the
speial ase we treat (α = 152 and β = 4) ψ will be alulated up to x = 30 (this
orresponds to k = e30 = 1.06865× 1013).
Before we present the results of our numerial experiments for various values of
ρ (for ρ = 1, 78 ,
3
4 ,
5
8 ,
1
2 ,
3
8 ,
3
10 ) it is important to give the expliit expression of the
ontribution of the non trivial (ψnt ) and also of the trivial zeros (ψt) to the ritial
funtion dened above for the general ase α and β, following the expression given
by Baez-Duarte for the ase α = β = 2 [2℄. For the non trivial zeros, in the variable
x = log(k), at ρ, it is given by:
(1.8) ψnt (x;α, β, ρ) =
1
β
∑
z
e
iI(z)
β
xΓ(−R(z)+iI(z)−αβ )
ζ′(z)
,
where z is any nontrivial zero of ζ(s). In our experiments we will limit to the on-
tribution of the rst two lower zeros given experimentally by z1 =
1
2 + i14.134725...
and z2 =
1
2 + i21.022040... and the omplex onjugate of them. The orresponding
ontribution will be denoted by r1(x) (from z1 and z1) and r2(x) (from z2 and z2).
The ontribution of the trivial zeros z = −2n for every integers n, to the ritial
funtion is given by:
(1.9) ψt (x;α, β, ρ) =
1
β
∞∑
n=1
e−
2n+ρ
β
xΓ(α+2nβ )
ζ′(−2n)
,
where a summation until N = 20 will be suient.
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So, in our alulations we will set α = 152 and β = 4 in the above formulas, for
any value of ρ we shall onsider. The ontribution ψt for ρ will be indiated with
gρ(x). Below we present the results of our numerial experiments performed using
Maple 10, where as antiipated the maximum argument in the Möbius funtion
present in the denition of the ritial funtion (essentially ck), is N = 2000. The
utuations errors around 2000 will be speied in the Appendix.
2. Numerial experiments
In Fig. 1 we give the plot of the two funtions ψ(x; 152 , 4,
1
2 )− r1(x)− r2(x) and
g1/2(x) up to x = 30 whih shows a very good agreement. Notie that we have
taken into aount only the ontribution of the rst two nontrivial zeros in the
Baez-Duarte asymptoti formula for the ck. For the Riesz ase (α = β = 2), the
ontribution of the trivial zeros to the ck have been treated by Maslanka using the
Rie's integrals [8℄.
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Figure 1. Plot of ψ(x) − r1(x) − r2(x) [red℄ and g1/2(x) [green℄
up to x = 30
In Fig. 2 we present the the plot of the two funtions ψ(x; 152 , 4,
1
2 )−g1/2(x) and
r1(x) + r2(x) up to x = 30 whih shows not only a good agreement but also the
osillatory behaviour of the ontribution of the rst two nontrivial zeros.
In the next Fig. 3 we present the plots of some ritial funtions (ψρ) orre-
sponding to dierent values of ρ using (1.7) and this without any omparison with
the Baez-Duarte asymptoti expansion onsidered above. It is to be noted that all
funtions ψρ has the same zeros and we observe that there is a well marked evidene
that for ρ > 12 inreasing to 1 the amplitudes deay while for ρ <
1
2 the amplitudes
grow. These funtions have been indiated with ψ1, ψ7/8, ψ3/4, ψ5/8, ψ1/2, ψ3/8,
ψ3/10 respetively.
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Figure 2. Plot of ψ(x) − g1/2(x) [red℄ and r1(x) + r2(x) [green℄
up to x = 30
It should be said that ψ3/8 and ψ3/10, we have onsidered, have no relation with
the representation of
1
ζ(s) whih is valid only for R(s) >
1
2 . The two funtions help
only to visualize that ψ1/2 is the borderline for the ritial funtions deaying for
R(s) > 12 as suggested by our numerial experiments up to x = 30. It should also
be added that from the duality relation (Riemann symmetry of the Zeta funtion),
given by:
(2.1)
1
ζ(1 − s)
= pis−
1
2
Γ(1−s2 )
Γ( s2 )
1
ζ(s)
,
it follows that the right hand side of (2.1) ensures a representation of
1
ζ(s) via the
Pohammer's polynomials in the region 0 < R(s) < 12 .
In Fig. 4 we present the result for a speial ase where we allow a slower derease
in the ritial funtion (see addendum in the exponent of the ritial funtion),
whih is the same as to say that we ask only for a slower deay of ck, at ρ =
1
2 i.e.
of the type ck =
A log(k)
k
7
4
for the ase onsidered. This is not the same as to ask
that RH is true or that RH is true with nontrivial zeros whih are simple [3℄. It is
a ase in between the two.
In this ase the ritial funtion (indiated with ψ1/2+) is expliitly given by:
(2.2) ψ1/2+(x) = e
7
4x−log(x)
2000∑
n=1
µ(n)
n
15
2
e−
ex
n4 .
Here there is more evidene that the amplitude of the wave at ρ = 12 is dereasing
with x = log(k). The experiments of Fig. 3 give in any ases a stronger evidene:
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Figure 3. Plot of ψρ for ρ = 1,
7
8 ,
3
4 ,
5
8 ,
1
2 ,
3
8 ,
3
10 up to x = 30, in
order of inreasing amplitudes
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Figure 4. Plot of ψ1/2+
that for ρ > 34 the amplitudes of the waves are deaying, and thus are bounded in
amplitude by a onstant. This is a symptom of the absene of nontrivial zeros in
the ritial segment
3
4 < ρ < 1.
In the last experiment we set ρ = 34 and ompare ψ3/4 with the asymptoti
expression of Baez-Duarte: for the trivial zeros we set ρ = 34 in the above formula,
for the nontrivial zeros (the two we onsider) we keep the same value of I(z) but we
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assume that their real part is R(z) = 34 . The plot in Fig. 5 of the funtion ψ3/4(x)
and of g3/4(x)+ r1(x)+ r2(x) are learly dierent: in ψ3/4 there is the trae via the
Möbius funtion of where the nontrivial zeros are loated and thus the amplitude
is deaying. In the seond funtion, the two onsidered zeros are supposed to have
R(z) = 34 and the wave whih appears seems to have a onstant amplitude as in
the ase ψ1/2 whih of ourse would be suient to ensure the truth of the RH.
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Figure 5. Plots of the funtions ψ3/4(x) [red℄ and g3/4(x)+r1(x)+
r2(x) [green℄
In Appendix we analyse a (weak) stability property of our results obtained with
N = 2000 in the Möbius funtion and give some indiations why the waves for
ρ = 34 should be deaying, thus ensuring more redibility on the absene of zeros of
the Riemann Zeta funtion in the segment
3
4 < ρ < 1.
3. Conlusions
In this work we have analyzed numerially the behaviour of the Riesz and Hardy-
Littlewood wave (the ritial funtion) in some details for the ase α = 152 and β = 4
in the region up to about k = 10′000 milliard for various values of ρ in the ritial
segment
1
2 < ρ < 1. In the variable x = log(k) up to 14 osillations have been
deteted whose amplitude has been ompared with the one alulated with the
expansion of Baez-Duarte using the trivial zeros and only the two lower nontrivial
zeros. The agreement is satisfatory and the results give some indiation in the
diretion to believe that at least for R(s) = ρ > 34 there are no nontrivial zeros
of ζ(s) sine in the representation 1ζ(s) seems to remain bounded. In addition, we
have given some evidene that a slow deay of ck like
log(k)
k
7
4
in between to the deay
kǫ
k
7
4
(RH for the model) and
A
k
7
4
(RH for the model with simple zeros) is possible in
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the range log(k) < 30. A further study in this diretion but by means of two new
representations of the Zeta funtion with oeients bk and dk and other type of
osillations will be presented in the near future.
Appendix A.
We onsider the ritial funtion ψ3/4(x) obtained with N = 2000 (maximum
argument in the Möbius funtion appearing in the Baez-Duarte denition of the
ck). We will suppose that the numerial results are given with good auray; we
now ask: if we inrease N from 2000 up to 106 in a ideal experiment, what will be
the hange of the ritial funtion in the range x < 30?
ψ3/4(x;N = 2000) = e
27
16x
2000∑
n=1
µ(n)
n
15
2
e−
ex
n4
ψ3/4(x;N = 10
6) = e
27
16x
106∑
n=1
µ(n)
n
15
2
e−
ex
n4 .
The dierene ∆ between the two funtions is bounded (|µ(n)| ≤ 1) by:
∆ ≤ e
27
16x
106∑
n=2000
1
n
15
2
e−
ex
1024 .
If we ask that ∆ will be smaller then say 10−6 time 0.015 whih is about the
value of the amplitude of the wave in the range x ≤ 30, obtained with N = 2000,
we have:
∆ ≤ e
27
16xe−
ex
1024 (ζ(
15
2
)− ζ(
15
2
;N = 2000)) ≤ 0.015 · 10−6.
The dierene between the Zetas is estimated to:
∞∫
2000
1
x
15
2
dx =
2
13
2000−
13
2 =
2
65
10−26.
And the inequality takes the form:
27
16
x− e
x
1024 + log(
2
65
)− 26 log(10) + 6 log(10)− log(0.015) ≤ 0,
with the solution x ≤ 27. Thus for x ≤ 27, the amplitudes will hange at most 10−6
time of its value 0.015. This shows some stability in the numerial experiments as
N inreases in a ideal experiment. Of ourse this is independent of how many zeros
are employed in the Baez-Duarte estimation.
Finally, appliation of the rude inequality as above shows [5℄ that for larger
values of x, with N suiently big, the numerial results of an ideal experiment
using the Möbius funtion in ck will give a value of the amplitude for example
smaller then
1
2 of 0.015 (still with N = 2000 at x > 35, with N = 10
9
at x > 88),
indiating that the value of the amplitude beomes possibly smaller. This is an
indiation in the diretion to believe that for ρ > 34 there are no nontrivial zeros of
the Zeta funtion.
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To end up with the Appendix it should be remarked that in our experiments we
have used the formula for the ck [4℄, given by:
cˆk =
∞∑
n=1
µ(n)
nα
e
−
k
nβ ,
instead of the formula:
ck =
∞∑
n=1
µ(n)
nα
(
1−
1
nβ
)k
.
Again, as above, the rude inequality |µ(n)| ≤ 1 may be used to show that the
dierene between the two funtions i.e. the utuations beome smaller as k get
bigger and depends on α and β. In fat they behave unonditionally as:
A
∞∑
n=1
1
nα+β
(
1−
1
nβ
)k
≤
C
k
α+β−1
β
.
To see that, let ∆ = |cˆk − ck| then:
∆ ≤
∞∑
n=1
|µ(n)|
nα
(
e
−
k
nβ −
(
1−
1
nβ
)k)
≤
∞∑
n=1
1
nα
(
e
−
k
nβ −
(
1−
1
nβ
)k)
,
sine e
−
k
nβ ≥ (1− 1
nβ
)
k
and passing to the ontinuous variable x, the ontribution
of the seond integral is given by [4℄:
∞∫
1
1
xα
(
1−
1
xβ
)k
dx =
1
β
Γ(α−1β )Γ(k + 1)
Γ(α−1β + k + 1)
,
while the rst is given by:
∞∫
1
e
−
k
xβ
xα
dx =
1
βk
α−1
β
Γ(
α− 1
β
).
At large k the utuation behaves like the dierene, i.e. as:
∆ ≤
C
k
α+β−1
β
.
For the model under onsideration the deay is as
C
k
21
8
and is stronger then in
the usual Riesz ase (α = β = 2) where an early more detailed alulation gives a
deay like
C
k
3
2
[6℄.
Finally it should be added that the general upper bound for ∆ is related to the
disrete derivative of the Baez-Duarte oeients given by:
ck − ck+1 =
∞∑
n=1
µ(n)
nα
((
1−
1
nβ
)k
−
(
1−
1
nβ
)k+1)
=
∞∑
n=1
µ(n)
nα
(
1−
1
nβ
)k (
1− 1 +
1
nβ
)
= ck(α+ β, β),
whih unonditionally are bounded by
C
k
α+β−1
β
as above [4℄.
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In the same way
−
d
dk
∞∑
n=1
µ(n)
nα
e
−
k
nβ =
∞∑
n=1
µ(n)
nα+β
e
−
k
nβ ,
whih gives the same deay sine the funtion is equal to ck(α+ β, β) as above.
At large k we also have [4℄:
ck ≈
∞∑
p=0
cpk
pe−k
p!
a Poisson like distribution for the oeients ck.
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